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On a 3-dimensional closed Sasakian spin manifold (M3, g), the spectrum of the Dirac op-
erator D is in general not symmetric with respect to zero. Let λ−1 < 0 and λ
+
1 > 0 be
the ﬁrst negative and positive eigenvalue of D , respectively. Let Smin denote the mini-
mum of the scalar curvature of (M3, g) with Smin > − 32 . We prove in this paper that
λ−1  1−
√
2Smin+4
2 holds generally and that λ
+
1 satisﬁes λ
+
1  Smin+68 whenever λ+1 belongs
to the interval λ+1 ∈ ( 12 , 52 ). It turns out that each of these estimates improves Friedrich’s
inequality for the ﬁrst eigenvalue of the Dirac operator [Th. Friedrich, Der erste Eigen-
wert des Dirac-Operators einer kompakten Riemannschen Mannigfaltigkeit nichtnegativer
Skalarkrümmung, Math. Nachr. 97 (1980) 117–146].
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let (Mn, g) be an n-dimensional closed Riemannian spin manifold. Let ψ ∈ Γ (Σ(Mn)) be a section of the spinor bundle
Σ(Mn) over (Mn, g) and let X(ψ) denote the directional derivative of ψ along a vector ﬁeld X . The Levi-Civita connection ∇
and the Dirac operator D , acting on spinor ﬁelds ψ ∈ Γ (Σ(Mn)), are locally expressed as
∇Xψ = X(ψ) + 1
4
n∑
i=1
Ei · ∇X Ei · ψ
and
Dψ =
n∑
i=1
Ei · ∇Eiψ,
respectively, where (E1, . . . , En) is a local orthonormal frame ﬁeld on (Mn, g) and the dot “·” indicates the Clifford multipli-
cation [4]. Since the Dirac operator D is a ﬁrst-order self-adjoint elliptic operator, its spectrum Spec(D) is discrete and real
and will be written as
· · · λ−2  λ−1  0 λ+1  λ+2  · · · ,
where each eigenvalue except zero is repeated as many times as its multiplicity. The nonzero eigenvalues λ−1 = 0 and
λ+1 = 0 are called the ﬁrst negative eigenvalue and the ﬁrst positive eigenvalue, respectively. The eigenvalue λ1 ∈ Spec(D) with
|λ1| = min{|λ−1 |, |λ+1 |} is called the ﬁrst eigenvalue. A fundamental problem about the spectrum Spec(D) is to ﬁnd estimates
for small eigenvalues with or without some geometric restrictions on (Mn, g) [6,7,9–11]. Friedrich [3] proved for closed
Riemannian spin manifolds (Mn, g) with positive scalar curvature S > 0 that the ﬁrst eigenvalue λ1 of D satisﬁes
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√
nSmin
4(n− 1) , (1.1)
where Smin denotes the minimum of the scalar curvature. If (Mn, g) is of odd dimension n, n ≡ 3mod4, then Spec(D) is in
general not symmetric with respect to zero [1,8]. In this case, a problem of interest is to ﬁnd an optimal estimate for λ−1
and that for λ+1 , respectively.
Let us look at the Hopf ﬁbration S2m+1 → CPm over complex projective space. The standard metric g1 = g|H ⊕ g|V
on S2m+1 of constant sectional curvature 1 splits into the horizontal part g|H and vertical part g|V , where g|H is the
horizontal lift of the Fubini–Study metric on CPm . Rescaling g|V by positive constants a ∈ R, we obtain the Berger metrics
gB(a) := g|H ⊕(a−2g|V ). Rescaling both g|H and g|V , as gT (a) := a−2gB(a) = (a−2g|H )⊕(a−4g|V ), induces an one-parameter
family of Sasakian structures, called the Tanno deformation [12], and the metrics gT (a) will be called Tanno metrics. Bär [2]
computed explicitly the spectrum Spec(D) of S2m+1 with Berger metric gB(a), which we can easily rewrite in terms of the
scalar curvature ST (a) = 4m(m + 1)a2 − 2m of Tanno metric gT (a) as follows. Note that the scalar curvature should satisfy
ST (a) > −2m.
Proposition 1.1. (See [2].) The Dirac operator of S2m+1 with Tanno metric gT (a) has the following eigenvalues:
(i) λ(a) = (ST (a) + 2m)(2k +m+ 1)
8m(m+ 1) +
m
2
, k ∈ N0,
with multiplicity
(m+k
k
)
.
(ii) λ(a) = (−1)m+1 · (ST (a) + 2m)(2k +m + 1)
8m(m + 1) +
m
2
, k ∈ N0,
with multiplicity
(m+k
k
)
.
(iii)
λ(a) = (−1)
j
2
±
{[
m − 2 j − 1
2
+ (ST (a) + 2m)(2k1 − 2k2 +m− 1− 2 j)
8m(m+ 1)
]2
+ (ST (a) + 2m)(m− j + k1)( j + 1+ k2)
m(m + 1)
} 1
2
,
k1,k2 ∈ N0 , j = 0, . . . ,m− 1, with multiplicity
(k1 +m)!(k2 +m)!(k1 + k2 +m+ 1)
k1!k2!(k1 +m− j)(k2 + j + 1)m! j!(m − j − 1)! .
In the 3-dimensional case (m = 1, j = 0), Proposition 1.1 implies that the ﬁrst negative and positive eigenvalue λ−1 (a),
λ+1 (a) are expressed in terms of the scalar curvature as
λ−1 (a) =
1− √2ST (a) + 4
2
for ST (a) > −3
2
, (1.2)
λ+1 (a) =
{ ST (a)+6
8 for −2 < ST (a) 30,
1+√2ST (a)+4
2 for ST (a) > 30.
(1.3)
Recall that a Sasakian manifold is an odd-dimensional Riemannian manifold (M2m+1, g) equipped with a tensor ﬁeld φ
of type (1,1), a vector ﬁeld ξ and a 1-form η that satisfy
η(ξ) = 1, φ2(X) = −X + η(X)ξ,
g(φX, φY ) = g(X, Y ) − η(X)η(Y ),
(∇Xφ)(Y ) = g(X, Y )ξ − η(Y )X
for all vector ﬁelds X, Y . Given a 3-dimensional closed Sasakian manifold (M3, φ, ξ,η, g) with a ﬁxed spin structure, Propo-
sitions 3.1–3.2 of this paper together with (1.2)–(1.3) give rise to the following questions:
(1) Does the ﬁrst negative Dirac eigenvalue λ−1 on (M3, φ, ξ,η, g) satisﬁes λ
−
1 
1−√2Smin+4
2 for Smin > − 32 ?
(2) Does the ﬁrst positive Dirac eigenvalue λ+1 on (M3, φ, ξ,η, g) satisﬁes λ
+
1 
Smin+6
8 for −2 < Smin  30 and λ+1 
1+√2Smin+4 for Smin > 30?2
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give a partial answer to the second question (see Theorem 3.2). Our arguments used to prove Theorems 3.1 and 3.2 do not
generalize straightforwardly to higher dimensions but, in Section 4, we make a remark on a generalization of Theorem 3.1
to higher dimensions.
2. Some general properties of Sasakian spin manifolds
Let (M2m+1, φ, ξ,η, g) be a Sasakian spin manifold and let Φ be the fundamental 2-form deﬁned by Φ(X, Y ) =
g(X, φ(Y )). Recall that
X · Φ · ψ − Φ · X · ψ = 2φ(X) · ψ (2.1)
and
(∇XΦ) · ψ = −X · ξ · ψ − η(X)ψ (2.2)
hold for all vector ﬁelds X and spinor ﬁelds ψ [5].
Consider a ﬁrst-order operator Q , the φ-twist of the Dirac operator D , acting on spinor ﬁelds and deﬁned by
Q ψ =
n∑
i=1
φ(Ei) · ∇Eiψ = −
n∑
i=1
Ei · ∇φ(Ei)ψ.
The operator Q is generally neither elliptic nor self-adjoint. We are going to establish a nice property (see Corollary 2.1),
which is induced by Q and will be used later to prove Theorems 3.1 and 3.2. Making use of (2.1)–(2.2) and
∇Xξ = −φ(X), Ric(ξ) = 2mξ
and the general formulas
D(X · ψ) =
n∑
i=1
Ei · ∇Ei X · ψ − 2∇Xψ − X · Dψ,
1
2
Ric(X) · ψ = D(∇Xψ) − ∇X (Dψ) −
n∑
i=1
Ei · ∇∇Ei X ψ,
we obtain immediately the following operator equations.
Proposition 2.1. Let (M2m+1, φ, ξ,η, g) be a Sasakian spin manifold. Then we have
D ◦ ξ + ξ ◦ D = 2Φ − 2∇ξ , (2.3)
Q ◦ ξ + ξ ◦ Q = 2m, (2.4)
D ◦ ∇ξ − ∇ξ ◦ D = Q +mξ, (2.5)
D ◦ Φ − Φ ◦ D = D2 ◦ ξ − ξ ◦ D2 = 2Q + 2mξ. (2.6)
Let ( , ) := Re〈 , 〉 denote the real part of the standard Hermitian product 〈 , 〉 on the spinor bundle Σ(M) over
(M2m+1, φ, ξ,η, g) and let μ denote the volume form. Applying (2.5)–(2.6) to an eigenspinor ψ of D with eigenvalue λ, we
obtain∫
Mn
(Q ψ,ξ · ψ)μ =
∫
Mn
[−2(∇ξψ,∇ξψ) + 2(∇ξψ,Φ · ψ) − 2λ(∇ξψ, ξ · ψ) −m(ψ,ψ)]μ
=
∫
Mn
[−(∇ξψ,Φ · ψ) − λ(Φ · ψ,ξ · ψ) + (Φ · ψ,Φ · ψ) −m(ψ,ψ)]μ
=
∫
Mn
[
2(∇ξψ,∇ξψ) − 4(∇ξψ,Φ · ψ) + 2λ(∇ξψ, ξ · ψ)
− 2λ(Φ · ψ,ξ · ψ) + 2(Φ · ψ,Φ · ψ) −m(ψ,ψ)]μ,
which proves
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tor D with eigenvalue λ, we have
0=
∫
Mn
[
2(∇ξψ,∇ξψ) − 3(∇ξψ,Φ · ψ) + 2λ(∇ξψ, ξ · ψ)
− λ(Φ · ψ,ξ · ψ) + (Φ · ψ,Φ · ψ)]μ. (2.7)
Let us realize the 3-dimensional Clifford algebra using the matrices
E1 =
(√−1 0
0 −√−1
)
, E2 =
(
0
√−1√−1 0
)
, E3 =
(
0 1
−1 0
)
.
Then we have
E1 · E2 = −E3, E2 · E3 = −E1, E3 · E1 = −E2
and therefore, in the 3-dimensional case, Eq. (2.7) reduces to the following.
Corollary 2.1. Let (M3, φ, ξ,η, g) be a 3-dimensional closed Sasakian spin manifold. Then, for any eigenspinor ψ of the Dirac opera-
tor D with eigenvalue λ, we have
0=
∫
Mn
[
2(∇ξψ,∇ξψ) + (2λ − 3)(∇ξψ, ξ · ψ) + (1− λ)(ψ,ψ)
]
μ. (2.8)
3. Estimates of small Dirac eigenvalues on 3-dimensional Sasakian manifolds
A nontrivial spinor ﬁeld ψ on Sasakian spin manifold (M2m+1, φ, ξ,η, g) is called an eta-Killing spinor with Killing pair
(a,b) if it satisﬁes
∇Xψ = aX · ψ + bη(X)ξ · ψ
for some real numbers a,b ∈ R, a = 0, and for all vector ﬁelds X [5,9]. If there exists an eta-Killing spinor ψ with Killing
pair (a,b), then the scalar curvature S is necessarily constant with S = 8m(2m+ 1)a2 + 16mab.
In this section we concentrate on 3-dimensional Sasakian spin manifolds (M3, φ, ξ,η, g). Recall that, under the action of
ξ = Φ , the spinor bundle Σ = Σ(M3) of (M3, φ, ξ,η, g) splits into the orthogonal direct sum Σ = Σ0 ⊕ Σ1 with
Σ0 = {ψ ∈ Σ : ξ · ψ = −
√−1ψ},
Σ1 = {ψ ∈ Σ : ξ · ψ =
√−1ψ}
and that the Killing pair (a,b) of an eta-Killing spinor is related to the geometry of the 3-dimensional Sasakian spin manifold
as follows:
Proposition 3.1. (See [5].) Let (M3, φ, ξ,η, g) be a 3-dimensional Sasakian spin manifold and suppose that it admits an eta-Killing
spinor ψ with Killing pair (a,b), where a = 0 and b = 0. Then (M3, φ, ξ,η, g) is of constant scalar curvature S = 24a2 + 16ab.
Moreover, all the possible values for a,b can be expressed in terms of the scalar curvature as
(a,b) =
(
−1
2
,
3
4
− S
8
)
,
(−2− √4+ 2S
4
,
4+ √4+ 2S
4
)
,
(−2+ √4+ 2S
4
,
4− √4+ 2S
4
)
.
Proposition 3.2. (See [5].) Let (M3, φ, ξ,η, g) be a simply-connected Sasakian spin manifold of dimension 3 and suppose that the
scalar curvature S is constant. Then,
(i) there exist two eta-Killing spinors ψ0,ψ1 with Killing pair (− 12 , 34 − S8 ) such that ψα is a section in the bundle Σα (α = 0,1);
(ii) if S −2, there exists an eta-Killing spinor ψ ∈ Γ (Σ = Σ0 ⊕ Σ1) with Killing pair (−2±
√
4+2S
4 ,
4∓√4+2S
4 ).
The proof of the following theorem is based on the observation that, by Proposition 3.1, the eta-Killing spinors with
Killing pair (−2±
√
4+2S
4 ,
4∓√4+2S
4 ) are the unique solutions to the differential equation
∇Xψ = aX · ψ + bη(X)ξ · ψ, a+ b = 1 , a = 0, b = 0 (3.1)
2
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∇Xψ = −
(
λ
2
+ 1
4
)
X · ψ +
(
λ
2
+ 3
4
)
η(X)ξ · ψ, λ = −1
2
,−3
2
. (3.2)
Note that if ψ is a solution to Eq. (3.2), then ψ is an eigenspinor of the Dirac operator with eigenvalue λ.
Theorem 3.1. Let (M3, φ, ξ,η, g) be a 3-dimensional closed Sasakian spin manifold and suppose that the scalar curvature satisﬁes
Smin > −2. If an eigenvalue λ of the Dirac operator D belongs to the interval λ ∈ (−∞, 12 ), then λ satisﬁes
λ 1−
√
2Smin + 4
2
. (3.3)
The limiting case of (3.3) occurs if and only if the scalar curvature is constant and there exists an eta-Killing spinor with Killing pair
(−2+
√
4+2S
4 ,
4−√4+2S
4 ). In particular, if Smin > − 32 , then the ﬁrst negative eigenvalue λ−1 of D satisﬁes (3.3).
Proof. Let (E1, E2 = φ(E1), E3 = ξ) be an adapted local orthonormal frame on (M3, φ, ξ,η, g). Let ψ be an eigenspinor of D
with eigenvalue λ ∈ (−∞, 12 ). Introducing a free parameter κ ∈ R to control the unnecessary terms, we compute
H1 :=
2∑
i=1
∫
M3
(
∇Eiψ +
(
λ
2
+ 1
4
)
Ei · ψ,∇Eiψ +
(
λ
2
+ 1
4
)
Ei · ψ
)
μ
+ κ2
∫
M3
(
∇ξψ − 1
2
ξ · ψ, ∇ξψ − 1
2
ξ · ψ
)
μ
=
∫
M3
[
(∇ψ,∇ψ) − λ
(
λ + 1
2
)
(ψ,ψ) + 2
(
λ
2
+ 1
4
)2
(ψ,ψ)
]
μ
−
∫
M3
[
(∇ξψ,∇ξψ) +
(
λ + 1
2
)
(∇ξψ, ξ · ψ)
]
μ
+ κ2
∫
M3
[
(∇ξψ,∇ξψ) − (∇ξψ, ξ · ψ) + 1
4
(ψ,ψ)
]
μ.
Applying (2.8) we obtain
H1 =
∫
M3
[
λ2
2
− λ
2
+ 5
8
− S
4
+ κ2
(
λ
2
− 1
4
)]
(ψ,ψ)μ
+
∫
M3
[
−2+ κ2
(
1
2
− λ
)]
(∇ξψ, ξ · ψ)μ. (3.4)
Let us choose
κ2 = 4
1− 2λ > 0.
Then the latter integral of (3.4) vanishes and we have
H1 =
∫
M3
(
λ2
2
− λ
2
− S
4
− 3
8
)
(ψ,ψ)μ 0,
which proves (3.3). The condition for the limiting case is clear. 
Using the fact that the eta-Killing spinors with Killing pair (− 12 , 34 − S8 ) are the unique solutions to the differential
equation
∇Xψ = −1 X · ψ + bη(X)ξ · ψ, b ∈ R, (3.5)
2
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∇Xψ = −1
2
X · ψ +
(
3
2
− λ
)
η(X)ξ · ψ, λ ∈ R, (3.6)
we now prove
Theorem 3.2. Let (M3, φ, ξ,η, g) be a 3-dimensional closed Sasakian spin manifold. If an eigenvalue λ of the Dirac operator D belongs
to the interval λ ∈ ( 12 , 52 ), then λ satisﬁes
λ Smin + 6
8
. (3.7)
The limiting case of (3.7) occurs if and only if the scalar curvature is constant and there exists an eta-Killing spinor with Killing pair
(− 12 , 34 − S8 ).
Proof. We proceed as in the proof for Theorem 3.1. Let (E1, E2, ξ) be an adapted frame on (M3, φ, ξ,η, g). Let ψ be an
eigenspinor of D with eigenvalue λ ∈ ( 12 , 52 ). Introducing a free parameter τ ∈ R and applying (2.8), we compute
H2 :=
2∑
i=1
∫
M3
(
∇Eiψ +
1
2
Ei · ψ,∇Eiψ +
1
2
Ei · ψ
)
μ
+ τ 2
∫
M3
(∇ξψ + (λ − 1)ξ · ψ,∇ξψ + (λ − 1)ξ · ψ)μ
=
∫
M3
[
λ2 − 3λ
2
+ 1− S
4
+ τ 2(λ − 1)
(
λ − 1
2
)]
(ψ,ψ)μ
+
∫
M3
[
λ − 5
2
+ τ 2
(
λ − 1
2
)]
(∇ξψ, ξ · ψ)μ. (3.8)
Let us choose
τ 2 = 5− 2λ
2λ − 1 > 0.
Then the latter integral of (3.8) vanishes and we have
H2 =
∫
M3
(
2λ − S
4
− 3
2
)
(ψ,ψ)μ 0,
which proves (3.7). 
Remark 3.1. Let (M3, φ, ξ,η, g) be a 3-dimensional closed Sasakian manifold with positive scalar curvature S > 0. Then both
1− √2Smin + 4
2
−
√
3Smin
8
(3.9)
and
Smin + 6
8

√
3Smin
8
(3.10)
hold in general. The limiting case of (3.9) and that of (3.10) are simultaneously attained if and only if Smin = 6. Thus, (3.3)
and (3.7) respectively improve Friedrich’s inequality (1.1).
Remark 3.2. Let (M3, φ, ξ,η, g) be a 3-dimensional Sasakian manifold with constant scalar curvature 23 < S < 14 and sup-
pose that M3 is diffeomorphic to a round sphere. Then, Proposition 3.2(i) together with (1.1) imply that λ+1 ∈ ( 12 , 52 ) and
hence λ+1 satisﬁes (3.7). This coincides with the former part of (1.3).
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We return to the Dirac spectrum of S2m+1 with Tanno metrics. Among the eigenvalues in Proposition 1.1(iii), we want to
ﬁnd the smallest eigenvalue in absolute value. Comparing small eigenvalues of type (iii) with those of type (i)–(ii), we are
then able to generalize (1.2) to higher dimensions (see Proposition 4.1). Let us assume that the metric gT (a) is not Einstein
and its scalar curvature satisﬁes ST (a) > −2m. To ﬁnd the minimum of
f (k1,k2, j) :=
[
m − 2 j − 1
2
+ (ST (a) + 2m)(2k1 − 2k2 +m− 1− 2 j)
8m(m+ 1)
]2
+ (ST (a) + 2m)(m− j + k1)( j + 1+ k2)
m(m + 1) ,
we consider the function
h(k1,k2, j) := 64m2(m + 1)2 f (k1,k2, j)
and rewrite in the form
h(k1,k2, j) = A j2 + B j + C = A
(
j + B
2A
)2
+ C − B
2
4A
,
A := 4[ST (a) − 2m(2m+ 1)]2,
B := −4[ST (a) − 2m(2m+ 1)][(2k1 − 2k2 +m− 1)(ST (a) + 2m)− 4m(m + 1)(m − 1)],
C := [4m(m+ 1)(m − 1) + (ST (a) + 2m)(2k1 − 2k2 +m− 1)]2
+ 64m(m+ 1)(ST (a) + 2m)(m+ k1)(k2 + 1).
Since A > 0 and
C − B
2
4A
= 16m(m+ 1)(ST (a) + 2m) · [(m+ 1)2 + 2(m+ 1)(k1 + k2) + 4k1k2],
− B
2A
= (2k1 − 2k2 +m− 1)(ST (a) + 2m) − 4m(m+ 1)(m− 1)
2ST (a) − 4m(2m+ 1) ,
we ﬁnd that h(k1,k2, j) attains the minimum 16m(m+ 1)3(ST (a) + 2m) when k1 = k2 = 0 and j = m−12 .
Proposition 4.1. Let λ−1 and λ
+
1 be respectively the ﬁrst negative and positive Dirac eigenvalue of S
2m+1 with Tanno metric gT (a).
Suppose that the scalar curvature satisﬁes
ST (a) > −m(2m + 1)
m+ 1 ⇐⇒
√
(m + 1)(ST (a) + 2m)
4m
>
1
2
.
Then the following statements hold:
(i) If m ≡ 1mod4, then
λ−1 =
1
2
−
√
(m + 1)(ST (a) + 2m)
4m
.
(ii) If m ≡ 3mod4, then
λ+1 = −
1
2
+
√
(m + 1)(ST (a) + 2m)
4m
.
Proposition 4.1 turns out to hold even when gT (a) is an Einstein metric. We now have the following questions: Let
(M2m+1, φ, ξ,η, g), m 1, be a closed Sasakian spin manifold with scalar curvature Smin > −m(2m+1)m+1 .
(i) Does the ﬁrst negative Dirac eigenvalue λ−1 satisﬁes
λ−1 
1
2
−
√
(m + 1)(Smin + 2m)
4m
ifm ≡ 1mod4? (4.1)
E.C. Kim / Differential Geometry and its Applications 28 (2010) 648–655 655(ii) Does the ﬁrst positive Dirac eigenvalue λ+1 satisﬁes
λ+1 −
1
2
+
√
(m + 1)(Smin + 2m)
4m
ifm ≡ 3mod4? (4.2)
It is easy to check that (4.1) and (4.2) respectively improve (1.1). Moreover, (4.1) generalizes (3.3) to higher dimesions.
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